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ABSTRACT
The fields, flux, and power density produced inside an ellipsoidal
model of man by overhead high-voltage transmission lines have been
calculated. The values depend strongly on the conductivity and the
shape of the ellipsoid and, in general, vary from point to point within
it. The maximum energy flux is the more reliable indicator of exposure

to the electromagnetic field.

INTRODUCTION

There are numerous reports of non-thermal biological effects due
to microwave radiation at incident flux levels of 1-1000 uW/cm?
(1-10). These include changes in the endocrine, cardiovascular, and
nervous systems, as well as alterations in behavior. Similar effects
have been reported following exposure to radio-frequency and
extremely-low-frequency (ELF) fields (10-22). The production of
similar kinds of biological responses at such diverse frequencies
suggests the existence of basic frequency-independent processes by
which electromagnetic energy can affect living organisms. But since
electromagnetic energy at different frequencies interacts differently

with biological systems, it is difficult to determine the most
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important electrical parameters with regard to the production of
similar kinds of biological effects at different frequencies. One
can not, for instance, compare incident energy fluxes because
parameters such as penetration depth and reflection coefficient
differ greatly between opposite ends of the nonionizing
electromagnetic spectrum. Consequently those biological effects of
nonionizing radiation which occur at different frequencies, such as
biological stress (10), cannot be analyzed solely in terms of
exposure parameters because the levels of the various electrical
parameters inside the biological system (dose) are inherently
frequency dependent.

Two quite different external energy fluxes are presently
associated with the threshold for biological effects of nonionizing
radiation at microwave frequencies, namely 10 uW/cm? in the Soviet
Union and Eastern Europe, and 10,000 uW/cm? in the United States.
Although, technically, both values are exposure levels, they may be
regarded as doses because up to 100% of the energy is absorbed by the
biological system. Employing appropriate mathematical techniques,
one can find the flux at other frequency bands that produces the same
dose to biological systems as that provided by any specified
microwave flux. Such calculations could provide an objective basis
upon which to extrapolate microwave exposure levels, at least until
definitive biological experiments can be performed. Moreover, the
calculations are of interest because of the light they shed on the
nature of the interaction between electromagnetic fields and
biological systems. In this paper we present such a calculation for

the ELF portion of the spectrum.
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For reasons of relevance and convenience we shall assume that
the source of the ELF flux is a high voltage transmission line. We
previously described the exposure fluxes that are associated with a
typical 765 kv transmission line (23). It remains therefore to
determine the dose that such a line delivers to an appropriate
mathematical model of a biological system.

Analytical models for biological systems exposed to ELF fields
include spheres (24), prolate spheroids (25), concentric cylinders
(26), and two-layer rectangular solids (27). Each such model is
useful, but none is clearly superior as a tool for the study of
electromagnetic interactions. We have employed an ellipsoidal
model of a human being because of the generality and relative
morphological realism afforded by an ellipsoid, and because it

permits a solution in closed form.

THEORY
Direct Electric Field

For ELF fields, the dimensions of biological objects are small in
comparison to the wavelength of the radiation and the quasi-static
approximation may be used. Figure 1 illustrates an ellipsoid with
axes a > b > ¢, dielectric constant Ki and conductivity g1 embedded
in a medium with dielectric constant Kz and conductivity g2 A
uniform alternating field of angular frequency is applied in the +X
direction by electrodes in the Y-Z plane whose separation is much
greater than the dimensions of the ellipsoid. Since there is no free
charge in either the internal or external medium, Laplace's

equation holds everywhere.
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FIGURE 1

Ellipsoid in a Medium of Differing Dielectric Constant and
Conductivity.

The solution is similar to that obtained for a dielectric ellipsoid in
a uniform, static field (28). Let u, v, and p be the ellipsoidal
coordinates of a point. A family of ellipsoids is parameterized by u,
with the surface of the given ellipsoid corresponding to u - 0. Outside
the ellipsoid u > 0, inside, u < 0. The coordinates v and p parameterize
hyperbolids on surfaces of constant u.

If Vi and V2 represent the potential inside and outside the
ellipsoid respectively, then far from the ellipsoid V2 is given in
rectangular coordinates by

Vy = —(Epp cos ot + Epp sinawt)x, (1)
where E2a and Ez2B are the electric fields associated with the cosine and
sine phases of the electric field respectively. Such a
distinction becomes useful if an ellipsoid is placed in a uniform
field whose phases are specified separately. In ellipsoidal

coordinates the wusual expression for the potential outside the
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FIGURE 2
Ellipsoid Located Laterally from the Center-Line of a Transmission
Line.
FIGURE 3

Ellipsoid Model of a Human Being near a Three-Phase 765 KV
Transmission Line.

ellipsoid in a static field (28) may be extended to the alternating

V, = Fl(u)Fz(v)F3(p)((C1A + CZAI(u)) cos wt + (ClB + CZBI(M))SiH wt),

where

Fl(u) = (u + az)%,Fz(v) = (v + az)%,F3(p) = (p+ az)y2



134 HART AND MARINO

o0

du

1/’ 3
u (u+a2)((u+a2)(u+b2)(u+cz))é

I(u) =
and the Cs are constants to be determined by the boundary conditions.
Since I(u)-s. 0 for large u, far from the ellipsoid

1
V, — ((u + az)(v +a2)(p+a2))/2(C1A coswt +Cygsinawr).

Use of the transformation from ellipsoidal to rectangular coordinates

(29),

e=((wra)vsa?)pra?) (52 - a?)fe?-a?)) 2 @

yields
. 2 2\(,.2 2 %
Vo = (Cy4 coswt +Cypsin wt)x((b -a )(c -a )) . (5)
Comparison of equations (1) and (5) leads to
Cip =—E»4 ID (6)
Cip=-E»p!D (7)
where
1
D= ((b2 - 612)(6‘2 - az))é,
Inside the ellipsoid (29)
Vi = Fi(u)F5(v)F;3(p)(C34 cos wr + C3p sinwr) (8)

where Csa and Csp are to be determined by the boundary conditions
which are: (1) continuity of the potential across the interface, i.e.,
V1=Vzat u=0, and, (2) continuity of the normal (n) component of the

total current, i.e.,
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82E, + KoegEy, [0t = 81E,, + K10IE,, [t

at u =0, where Eo is the permittivity of free space, and

E, = —2((u + az)(u +b2)(u +62)/(u -v)(u- p))y2 v /ou.
By separately equating the coefficients of the cos w t and sin w t
terms, one obtains from the first equation
Cia +Coal(0)=C3y 9)
Cyp +Capl(0)=C3p, (10)
and from the second

82(C1a +1(0)RCa 4 )+ K20 (C1p + I(0)RCop) = 81C3p + 0K £0C3p (1)
82(Cip +1(0)RCop) + wKeo(Cyp +1(0)RCo ) = 81C3p + WK £0Cay, (12)
where

R=1-2/abcl(0).
Simultaneous solution of equations (9)-(12) and application of
equations (6) and (7) yield

C34 =—(MEyp —M3E,p) /D (13)
Csp =—(M4Ey4 - M \Eyp) /D (14)

Cap =~((My=1)Epy - ME»p) /DI(0) (15)

)
Cop =~(M3Ey +(M -1)E,p)/DI(0) (16)

where

My = Q(gz(gl - Rgy)+ w’ef Ky (K, —RKz))
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M, = Qwﬁo(gz(Kl - RK>)- K> (g1 - Rgz))

and
0-(1 —R)/(wzgg(lq ~RK,)" +(g; - Rg2)2).

The potentials inside and outside the ellipsoid are obtained by
substituting equations (13) and (14) into equation (8), and equations
(15) and (16) into equation (2) respectively, with the subsequent
utilization of equation (4). This leads to:

Vi =~((MEyp - M3Esg)cos ot +(MaEy 4 + M Eyg)sinat)x  (17)

V, = ((EZA + ((Ml ~1)E,, - M2E23)1(u)/1(0)) cos wr +
(Eap +(MEsy +(M, =1)Ey) 1()/1(0))sin a)t)x 18)
The direct field inside the ellipsoid is given by Eq4 =-VV;. Using
rectangular coordinates one obtains
Eq= ((MIEZA - MyEyp)coswt+(MyEy s + MlEZB)sinwt)f, (19)

where 1 is a unit vector along the X axis, i.e., parallel to the applied
field.

As is the case for static fields (28), similar expressions may be
obtained for fields with components in the Y and Z directions with the

replacement of I(0) by

fm ds l
0 (s+b2)((s+aZ)(s_,_bz)(s_‘_cz))A

and

fx ds
0 (s+c2)((s+aZ)(s+b2)(S+C2))%

respectively. The field inside an ellipsoid with an arbitrary
orientation relative to an external field may thus be found by

decomposing the external field into components in the X, Y, and Z
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directions to which the above analysis may separately be applied.
Here, for simplicity, we shall assume that the long axis of the ellipsoid

is aligned parallel to the applied field (X axis).

Induced Electric Fields

Near a transmission line, an additional contribution to the
internal field is induced by the varying magnetic field. Figure 2
presents two views of a cross sectional slice of an ellipsoid near a
transmission line. The X axis is directed vertically; the Y axis is
horizontal, perpendicular to the direction of current flow in the line.

It is assumed that the earth behaves as a perfect conductor for
both the electric and magnetic fields. At the earth's surface the
transmission-line fields are then directed along the X and Y axes
respectively and the energy flux along the Z axis. Such an assumption
is frequently made (29,30), but it is not as realistic for magnetic as for
electric fields. If the earth were not regarded as a perfect conductor,
the magnetic field within the ellipsoid would have an additional X
component and the induced electric field an additional Y component,
and their relative importance would vary with both the distance from
the array and the choice of elliptical cross sections. The assumption is
used here because the correction for finite conductivity 1is
mathematically complex (31), and would obscure the basic principles
under discussion. The error attributable to the perfect-conductor

model will be mentioned later.
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Consider a slice in the X-Z plane at a distance yo from the
center of the ellipsoid. Such a cross section is an ellipse with

axes a'< a and c¢' < c. At low frequencies the induced electric field
E; is determined by VxE; = -u &ﬁ/&t and V-E, =0 (32), where

H =(H, coswt+Hysinawt) j (20)
is the applied magnetic field and j is a unit vector in the Y direction. It

is readily shown that the boundary conditions require that the field

lines be ellipses. The induced electric field is found to be

— -1 . ~

Ei= wyo(a’2 + c’z) (a’zzi —c’zxk)(HA sinwt — H g cos wr ) (21)
where £ is a unit vector in the Z direction and o is the permeability of

space.

The components of the induced field are then

E = M3(HA sinwt — Hy coswt) (22)
and
E. =M4(HA sinwt - Hp coswt) (23)
where
M5 = wuga'? z/(a’2 +c'2)
and

M, =-ougc'? x (a’2 +c’2)

With the axes chosen so that a' > ¢' the induced field is a maximum at

x =0 and a minimum at z = 0.
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The total electric field inside an ellipsoid near the line, El, is the
sum of the direct field Ed, given by equation (19), and the induced

field Ei, whose components are given by equations (22) and (23). We
thus obtain:

Ei=((M\Eyy - M3Ey — M3Hp)cost +(ME s + M Eyg + M3H 4 )sincr)i
+(M4HA sinwt-M4Hp cosa)t)l% (24)
The magnitude of the total field is:
E, = (((M,EZA ~M,Ey - M;H,) +M}H§)cos2 ot
2 2172 Vein2
+ (M2E2A +M1E23 +M3HA) +M4HA sin” wt
+2((M1E2A ~MyEyp - M3Hg)(MyEyy + M Epp + M3HA)

—M%HAHB)sin wt cos wt)%. (25)

Energy Flux and Power Dissipated

The conduction current density and instantaneous power

dissipated per unit volume inside the ellipsoid are respectively
Ji=gEi, (26)
P =gE. 27)
The electrical energy per unit volume stored in the field is
W =e,K,E* /2 (28)
The time averaged electrical power dissipated per unit volume per
cycleis P= fOTPl dt/T , where T =2x/w . We thus obtain:

_ 2 2
P=g1((M1E2A —~MyEyp -M3Hp)" +(MyEys + M Eyg+ M3H )

+MIH3 + M3H? )/2 (29)
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The energy flux inside the ellipsoid is S_1 = E_‘txﬁ , where E_, and H
are given by equations (24) and (20) respectively. We thus obtain:
51 = ((MIEZA ~ M,Eyp - M3H p)H 4 cos? ot
HM4Ey + M \|Eyp + M3H 4 )Hgsin® ot
H(MEyp = MyEpp - MyH p)H g +(MEp g + M Eyp + M3H 4 )H 4 Jsin ot cos o)k
+(M4HAHB(sin2 wt — cos? a)t) + M 4 sinwt cos a)t(H% - H%))f (30)

The time averaged energy flux is S, = foT§1 dt/T . We thus obtain:
Sav = ((MIEQA - MZEQB)HA + <M2E2A + MlEzB)HB)/Z(i{\) (31)

The induced field makes no contribution to the average energy flux
but may contribute significantly to the maximum flux.

Figure 3 illustrates the application of the model to a person
near the three-phase transmission line assumed to be located above a
perfectly conducting ground (23). The electric field, magnetic field,
and energy flux at a distance y from such a line have been
previously computed utilizing an image array induced in the ground
(23). Because a human being is small in comparison to the height of
the line, the variation of the fields over his or her height is
negligible. The person may therefore be modelled as the top half of
an ellipsoid which has its image in the ground. A similar technique
has been successfully used for the modelling of a rat lying on a
conducting plate as the top half of a prolate spheroid (25). We have
chosen the dimensions of the ellipsoid to represent an adult human
being with a height of 2 m, a trunk breadth of 0.4 m, and a trunk
thickness of 0.2 m. Although the direct electric field is

independent of the orientation of the ellipsoid about a vertical
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axis, the induced field depends on the cross sectional area of the
ellipsoid in the X-Z plane, and hence on the orientation of the ellipsoid
about a vertical axis. Calculations of the maximum field, power
dissipated, and energy flux have been carried out with the greater
horizontal axis (0.2 m) in the Z direction. This alignment corresponds

to a person facing the transmission line.

RESULTS

The free space electric and magnetic field components computed
at a distance y from the center-line of the transmission line (23) may
be used for Ega and Egs, and Ha and Hs respectively, to find the
internal field, current density, energy stored per unit volume,
instantaneous and average power dissipated, and instantaneous and
average internal energy flux from equations (25)-(31). Since free
space is the external medium, K2 =1, and g2 = 0.

Figure 4 illustrates the variation of the maximum internal
electric field with distance for a wide range of electrical parameters
which have been reported to characterize biological tissues (2). The
maximum field occurred in each instance beneath the outer phase
and ranged from 0.01 to 0.4 v/im depending of the choice of tissue
electrical parameters. The corresponding current densities are 0.01
and 0.004 A/m?2 respectively. At the edge of the right-of-way the
internal fields ranged from 0.003 to 0.1 v/m; the corresponding
current densities are 0.003 and 0.001 A/m?2.

Figure 5 gives the maximum power dissipated per unit volume as
a function of distance. The energy densities stored in the internal
electric and magnetic fields are quite small; the maximum values are,

respectively, 4.96 x 106 and 4.41 x 10-2 ergs/cm3,
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FIGURE 4

Maximum Electric Fields Induced in Ellipsoidal Model of a Human Being
Near a 765 KV Transmission Line. Assumed values of dielectric constant and
conductivity (mho/m) respectively corresponding to each curve are: (a) 7 x 105,
0.01; (b) 7 x 10%, 0.1; (c) 8 x 106, 0.02; (d) 8 x 108, 0.2; (e) 80, 0.33; (f) 80, 1.0.
Values apply also to similarly labeled curves in subsequent illustrations.

The maximum and average internal flux levels may be calculated
using equations (30) and (31). Although the electric and magnetic
fields in free space near the line are essentially in phase, a phase
shift may be introduced inside the ellipsoid as represented by Mz in
equation (19). Figures 6 and 7 illustrate the maximum and average

energy fluxes inside an ellipsoid at various distances from the line.

DISCUSSION
As noted above, the induced electric field makes no contribution to the

time-averaged energy flux. In addition, the average flux
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FIGURE 5

Maximum Power Dissipated in an Ellipsoidal Model of a Human Being
Near a 765 KV Transmission Line.

displays unusual behavior close to the line, and it may vary widely.
When high conductivities and small dielectric constants are
assumed, for example, the phase shift of the direct electric field
relative to the magnetic field is nearly 90°. The time-averaged flux
is thus near zero although peak flux levels are quite high. For these
reasons, the maximum energy flux is a more reliable measure of
exposure to electromagnetic fields than the average flux if one is
considering a wide range of tissue parameters. A similar difference

between maximum and average values does not exist for the power
dissipated which varies simply as Et2 .

It can be seen from Figure 6 that, depending on the tissue

constants, the internal ELF flux in an ellipsoidal model of a human

143
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FIGURE 6

Maximum Energy Flux Inside an Ellipsoidal Model of a Human Being
Near a 765 KV Transmission Line.

being is as low as the Soviet safety level at 30-60 m from the
transmission line. For persons located closer to the line, the
internal organs are exposed directly and simultaneously to an energy
flux which equals or exceeds the Soviet safety level. At microwave
frequencies essentially the only organs which are irradiated directly
are the skin, and perhaps the nerves in the dermal net. While the
internal ELF fluxes, therefore, are numerically comparable to the
Soviet safety level, they differ in that they are simultaneously
present at all organs. Thus, extrapolation of microwave exposure
levels to lower frequencies may be overly conservative from the
viewpoint of the protection provided. The situation is further

complicated by the fact that some biological effects due to
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FIGURE 7

Average Energy Flux Inside an Ellipsoidal Model of a Human Being
Near a 765 KV Transmission Line.

nonionizing radiation, such as stress, are defined at the whole
system level and not at the organ level.

The assumption of perfect ground conductivity leads to higher
values of the internal magnetic field, induced electric field, and
energy flux. But consideration of the finite-conductivity situation will
require detailed specification of the electrical properties of the
ground near the array and a considerably more complicated
calculation.

The calculations well illustrate the complexities of mathematical
modelling of ELF exposure. An ellipsoidal model of a human being is
probably the most realistic and accurate morphological choice which

allows a solution in closed form. Even so, large variations in the
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internal values are found as various characteristics of the ellipsoid are
considered.

The variation of the internal electric field, flux, and power density
with the shape of the ellipsoid is shown in Table 1. The ellipsoid has
K1 =7x 105 and g1 = 0.1 mho/m, and is located 40 m from the center-
line. All quantities have been evaluated at x = 0, and z = —0.1. As the
shape is changed from a sphere (row 1) to a prolate spheroid (row 2) to
an ellipsoid of increasing eccentricity (rows 3-5), the direct field
increases rapidly, but the induced field increases much more slowly. In
row 6, as the axis parallel to the magnetic field is changed, the shape
again becomes a prolate spheroid. Since the elliptical cross-section
normal to H remains the same as in row 5, the induced field is
unchanged while the direct field, which depends on the entire shape,
increases significantly. For very eccentric ellipsoids the total field,
maximum flux, and power dissipated are determined by the direct
field; for relatively symmetrical shapes these quantities are determined
by the induced field. The average energy flux, which depends only on
the direct field, is particularly sensitive to changes in shape.

A serious difficulty is presented by the lack of acceptable ex-
perimental data for the electrical constants of biological tissues
(27). Changes in the dielectric constant of the ellipsoid have little
effect because at extremely low frequencies g1 is several times larger
than wKieo for electrical parameters typical of biological tissue.
At audio frequencies such changes would be more significant.
The internal electric field, flux, and power dissipated, however,
depend strongly on the conductivity of the ellipsoid. This dependence
is illustrated in Table 2 for an ellipsoid of Ki = 7 x 105,

a=167m,b=04m, and ¢ = 0.2 m, located 40 m from the center
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line. All quantities are evaluated at x = 0, and z = —0.2 m. The direct
field varies approximately inversely with conductivity, unlike the
induced field which is independent of the electrical parameters. At low
conductivities the total field and maximum energy flux are determined
primarily by the direct field, whereas at high conductivities they are
determined by the induced field. The averaged energy flux, which
depends only on the direct field, decreases rapidly with increasing
conductivity. The power dissipated depends on both the conductivity
and total field. For small but increasing conductivities, the decrease in
the total field causes the power dissipation to also decrease. At high
conductivities, however, the total field is primarily determined by the
induced field and is nearly independent of conductivity. Consequently,
power dissipation passes through a minimum around 0.1 mho/m.

In the ellipsoidal model, the internal values caused by an
external ELF flux vary from point to point. The variation of the direct,
induced, and total electric fields, the maximum and average fluxes,
and the maximum and average power dissipation per unit volume
within a cross-section in the X-Z plane is illustrated in Table 3.
Values for these quantities at the positions shown in Figure 2 are
calculated for an ellipsoid located 40 m from the center-line with
a=334m b=08m,¢c=04m, Ki =7x 10% and g 1= 0.1 mho/m.
The direct field is independent of position within the ellipsoid.
The magnitude of the induced field for any given a' and c' is a
maximum for |x| =0 and decreases as |z| — 0. The total field varies
around the ellipse due to the change in both the magnitude and
direction of the induced field relative to the direct field. During
one half of a cycle, for example, the direct field is pointed

downward and the induced field is counter-clockwise. The total field
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is then at a minimum at position 1 where the direct and induced fields
are opposite in direction, increases through positions 5, 3, and 6, and
reaches a maximum at position 2 where the fields have the same
direction. The behavior is symmetric for x < 0 as indicated by the
identical values at positions 3 and 4. During the other half of the cycle
the direction of both the direct and induced field reverses, hence the
pattern remains unchanged.

The maximum total field is not exactly equal to the sum of the
maxima of the induced and direct fields. The phase shift of the induced
field relative to H is independent of K1 and g1, unlike that of the direct
field. The resulting phase difference between the direct and induced
fields means that they do not attain their maximum values
simultaneously.

The induced field increases with distance from the center, unlike
the direct field which is independent of position. The induced field is
thus larger at positions 7 and 8 than at 1 or 2, and is in fact larger
than the direct field. The total field is then quite large at position 8,
but small at position 7.

The average energy flux depends only on the direct field and H,
and thus does not vary over the cross-section. The maximum energy
flux displays the same variation with position as the total field,
although there may be a phase shift between them. The power
dissipated depends only on the total field and thus varies identically
with it.

In conclusion, the maximum energy flux and power dissipated are
determined primarily by the induced field for relatively symmetrical
shapes, high conductivities, and large areas normal to the magnetic

field; they are determined primarily by the direct field for
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relatively elongated shapes, low conductivities and small areas. In
general, both fields will make significant contributions. Because the
average energy flux receives no contribution from the induced field
and is strongly dependent on the relative phase of the electric and
magnetic fields, it is less useful than the maximum flux as a measure

of exposure to the electromagnetic field.
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